A Banach space E is said to be ZJ^mooth if there exists a uniformly continuously differentiable real-valued function on E with bounded support. It is of considerable importance to know whether a given Banach space E is [/^-smooth since certain real-valued functions on E cannot be approximated by smoother functions if E fails to be ZJ^smooth. Results of this type are of considerable interest in global analysis on infinite dimensional manifolds, see Eells [6] , and Lang [11] . Motivated by these considerations and the connections of tΓ-smoothness with Banach spaces with norms of class C x -away from 0, with Lipschitzian derivatives, Wells [16] , Moulis [12] , Heble [8] , and Aron [1] , among others, discussed this problem and related concepts. In [16] , it is shown that the Banach space C o fails to be [/^smooth, while in [1] it is proved that the Banach spaces C(K), K an infinite compact Housdorff space are not tΓ-smooth. The primary purpose of this paper is to completely characterize Banach spaces which are [/^smooth in terms of the geometry of the space. The main result stated in the Theorem 3 here, implies that the class of Banach spaces which are not [/^-smooth is very extensive modulo isomorphism, includes a class of reflexive spaces, and the results in [1] and [16] are deduced as corollaries of the main theorem.
The plan of the paper is as follows. In §1 few known results and definitions relevant to the discussion here are recalled. In §2 the main results are established. Applications to approximation theory, differential equations on a Banach space, and related results are discussed in §3. 1* In this paper, unless otherwise specified, the same symbol || || is used for the norms of various Banach spaces that enter the discussion as this does not entail any confussion. If E is a Banach space, the open ball, center 0, and radius r is denoted by Z7 r (0). The region {x\X < \\x|| < μ) in E is denoted by iϋ(λ, μ), for 0 < λ < μ. If Z7 is any open set, the boundary of U is denoted by dU. The 488 KONDAGUNTA SUNDARESAN support of a vector-valued function / is the set {x\f(x) Φ 0}. Thus in this paper if / is a continuous function defined on a topological space X into a Banach spaces E, then its support is an open subset of X. If E, F are Banach space, then the Banach space of continuous linear operators on E into F with the supremum norm, is denoted by L (E, F) .
If E, F are Banach spaces E is said to be finitely represented in F, in symbols E < F, if for each finite dimensional subspace X of E, and positive number ε, there is a subspace Y of F, depending on X and ε, such that there is an isomorphism T on X onto Y with ||Γ|| llϊ 7 " 1 !! ^ 1 + ε. A Banach space F is said to be super reflexive if E < F implies E is reflexive. For fundamental work on superreflexive spaces see James [10] , and for a comprehensive account of these spaces the interested reader is referred to the recent monograph of Van Dulst [15] on the subject.
An useful concept in the theory of finite representation is the concept of an ultrapower of a normed linear space. Let S be an infinite set and Γ be a nontrivial (free) ultrafilter on S. If / is a bounded real-valued function on
. Now if (JB, || ||) is a normed linear space, and / is a bounded E-valued function on S, let |/| = lim Γ ||/(s)||. It is verified that I I is a seminorm on the vector space V of bounded unvalued functions on S, and the quotient space of V modulo the kernel of I I equipped with the quotient norm is known as the ultrapower of E associated with the pair (S f Γ), and is denoted here by E(S, Γ). It is known that if E is a Banach space, then E(S, Γ) is a Banach space, and E < F if and only if E is isometric with a subspace of an ultrapower F(S, Γ) of F. For an account of ultrapowers, see Stern [14] .
A Banach space (E, || ||) is said to be smooth if for all x Φ 0, xeE
exists for all y e E. If the limit in (1) exists at a x Φ 0, for all yeE,then it is known that G x eE*, the dual of E, and \\G X \\ = 1. A smooth Banach space E is said to be uniformly smooth if the limit in (1) is attained uniformly for all x, y, \\x\\ = 1 = \\y\\. It follows from the homogenity of the norm that a Banach space E is uniformly smooth if and only if the norm is uniformly continuously differentiable on regions R(X, μ), in particular on bounded sets at a positive distance from the origin. The following theorem of James and Enflo is useful in the discussion to follow. THEOREM 1. [James and Enflo] For a formal proof, see [15] . See also in this connection [10] , and Enflo [7] .
Before concluding this section, the interested reader is referred to Dieudonne [5] , Bourbaki [4] and [11] 
•ce V
Now if ε > 0, since Df, Dg, and the restrictions f\V, g\V are uniformly continuous, there is a 3 > 0 such that 0 < δ < 1/2J, and if 
LEMMA 4. If E, F, G are three Banach spaces, f:E->F, and g: F -> G are two uniformly continuously differentiate functions such that the derivatives Df, Dg are bounded mappings on E -> L(E, F), and on F -> L(F, (?) respectively then their composite g°f: E -> G is uniformly continuously differ entiable.
Proof. The lemma follows by noting that
where || j^, ΐ = 1, 2, 3 are respectively the norms in the spaces For a proof of this lemma, see Nemirovskii and Seminov [13] . REMARK 1. Before passing to the next lemma it is noted that if E is uniformly smooth space, so that the norm of E is uniformly continuously diflPerentiable on regions iϋ(λ, μ), it follows by composing the norm of E with suitable C^-f unction on R -> R and using Lemma 4 that E is [/^smooth. Now applying Lemmas 2 and 4, and using the fact that the norm of E is U.C.D. on R(X, μ), it is verified that if E is uniformly smooth space, and r, ε are two positive numbers, then there is an U.C.D. function f:E-+R such that, 0^/^l, /== 1 on 17,(0), and / vanishes outside U r+ε (0) .
The next lemma is crucial in proving the Theorem 6 in this paper. The lemma follows from the preceeding remark, and Lemma 5. A proof of the lemma is sketched. Before proceeding to the lemma it is noted that a super-reflexive Banach space could be equipped with an equivalent norm which is uniformly convex, and uniformly smooth, [7] . Proof. In view of what is noted in the preceeding paragraph in proving the lemma, it can be assumed that E is as in the lemma 5.
As a primary case let G be an open bounded set, and C = E ~ G, and g:E-^R be the function g(x) = d(x,C), where d(x,C) is the distance of x from C. Let r > 0 be such that GdGcz t7 r/2 (O). Consider the restriction of the uniformly continuous function g to the ball Z7 r (0). By Lemma 5, there are U.C.D. functions f n on E-+R, for integers n ^ 1, such that sup x6 cr r (o) | /«0*0 -g(x)\ < 1/n. Now using Remark 1, there is an U.C.D. function φ;E->R, φ = 1 on U r/2 (0), φ== 0 outside I7 r (0). Let h n = φ f n . Let a n be C'-functions on R -> R, with support a n = ]l/n, °°[, such that a n (t) -0 if t ^ 1/n, ajf) = 1 if t is in [2/n, oo[, and 0 ^ a n ^ 1, for integers n^l.
Let g n = a n {h n ). Now if 0 = Σn*i l/2 n 0 n > Q is an U.C.D. function on E-> R, with support of g = G, and 0 <; # <: 1, completing a proof of Lemma 6 if G is bounded.
Now if G is an arbitrary open set then G = Un^i G n » where 
that \\x(s) -y(8)|| < δ if se J δ . Hence \f(x(s)) -fty(s))\ < ε for all se J δ . Thus \im Γ f(x(s)) = lim Γ f(y(s)). Hence if f*(x) = lim Γ /(α?(β)), /* is a real-valued function on E(S, Γ).
Since the support of / is in the unit ball of E, f*(SS) Φ 0 implies that there is a set JeΓ such that ||a?(s)|| ^ 1 for all se J. Thus |||2||| ^ 1. Hence the support of /* is in the unit ball of E(S, Γ).
Since Df: E -> J57* is an uniformly continuous mapping with bounded range, by proceeding as in the proceeding paragraph it is verified that if
x, yeE(S, Γ), and {x(s)} 8eS > {y(s)} ses are representatives of 55, y respectively, then lim Γ Dΐ(x(s))(y(s)) is independent of the representatives {x(s)}> {(y(s))} of x and y. For x, yeE(S, Γ) define lχ(y) = lim Γ Df(x(s))(y(s)). It is verified that lz is a continuous linear functional on E(S, Γ), since Df is bounded. Now if heE(S, Γ), and {h(s)} seS £h, then
where it is noted that, since / is an U.C.D. function that given ε > 0, there is a δ > 0 such that \θ x (y)\ ^e\\y\\ if \\y\\ <: δ for all xeE. Let now |||Λ||| <£ δ. Then there is a set JeΓ such that for all 86 J, |β. ( 
.,(Λ(β))|^e||Λ(8)||. Hence lim Γ \θ x{s) (h(s))\ ^ e\\\K\\\ if III^IH ^ δ and /* is differentiable at x with Df*(SS) = Z^.
Since Df is an uniformly continuous map on E->E* f it is verified that the map Df*: E(S, Γ) -> (^(S, Γ))* is uniformly continu-ous once again working with suitable members of Γ as has been done in the preceeding parts of the proof. Thus E(S, Γ) is Z7 1 -smooth. COROLLARY 
If E is W-smooth, and F < E, then F is U 1 -smooth.
Proof. The corollary follows from the preceeding theorem together with the fact that F < E if and only if F is isometric with a subspace of some ultrapower E(S, Γ) of E. REMARK 2. Since a superreflexive Banach space is isomorphic with an uniformly smooth Banach space, and CΓ-smoothness is invariant under isomorphisms it follows that if a Banach space E is superreflexive, then it is CΛ-smooth. 
If possible let E be nonreflexive. Then by a theorem of James r see Theorem 7 in [9] , it follows that there is a set X containing the set W of positive integers, and a subspace L of the Banach space B(X) of bounded real-valued functions on X with the supremum norm, isometric with E, admitting a sequence {z n } n^lf such that for 
4M for at least 2^~2 integers jeQ. Let f 2 = ξ'/M or -f'/ikί according as (i) or (ii) is the case. Repeating this procedure inductively it follows that there is a sequence {ζi}? =1 in L such that ||^|| <^ 1/Λf, i?/(Σf=ί 6)(&) -0, Σ*=i fi(Λ ^ ί^/4Λf for 1 ^ Λ ^ Λf. From our choice of /, M, {fjf =1 , ε, together with the inequality ||Σ*=i&ll ^ Jfc^/4Λf it follows that
a contradiction, completing the proof of the theorem.
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The next theorem provides the characterization of t^-smooth Banach spaces. THEOREM 
A Banach space E is U

-smooth if and only if E is superreflexive.
Proof. From Corollary 1, and Theorem 3 it follows that if E is tΓ-smooth, and F < E, then F is reflexive. Thus E is superreflexive. The converse follows from the Remark 1.
Since the Banach spaces C o , C(K), K an infinite compact Hausdorff space are not superreflexive (not even reflexive) it follows that the theorems of Wells [15] and Aron [1] follow as corollaries from the preceeding characterization.
3* In this section several applications of the results in the §2 are discussed. Before proceeding to the applications of approximation theory and differential equations, a characteristic property of uniformly continuously differentiable functions, valid when the domain and the range are suitably chosen, is obtained. THEOREM 
If E is a nonsuperreflexive Banach space, and F is a superreflexive Banach space, and f: E-> F is an uniformly continuously differentiable function then for every bounded open set UCLE, f(dU) is dense in f(U). Further if f, f 2 are two uniformly continuously differentiable maps on E-+ F, coinciding on dU then
Proof. Let xe U. If possible let f(x)$f(dU), the closure of fiβU). Then there is a ball U ε with centre at f{x) and an open set G z> f(dU), such that U ε Π G = 0. Since F is [P-smooth, Lemma 2 assures that there is an U.C.D. real-valued function ψ on F with support in U ε , and ψ(f(x)) = 1. Let g: E->R be defined by g(z) = ) if z G U, and g = 0 on the set E ~ U. Since ψ vanishes in a neighborhood of f(dU), it is clear that g is a G ι -tunction. Now considering the halo V={z\d(z, U)<A) for some Λ>0, and the inequality
where || \\ i9 i = 1, 2, 3 are respectively the norms in the spaces E*, F*, and L(E, F), and arguing as in the proof of Lemma 3 it follows that g is an U.C.D. real-valued function on E with its support in the bounded set U. Thus E is [^-smooth. Hence by Theorem 4, E is superreflexive contradicting the hypothesis on E. Thus / has the density as stated. The second part of the theorem is a direct consequence of the first part.
The following two propositions assert that certain smooth approximations are not possible. Similar results are known in the literature, see for example [1] , however for very special cases, and the results in [1] follow as corollaries from the propositions here. PROPOSITION Thus it may be assumed that ||/(0) -#(0)|d = α > 0. From (a) and (b) it follows that (/ -g) is a nontrivial differentiate function with a Lipschitzian derivative. Since p{x) -> 0 as ||flj||->°°, the inequality \\f(x) -g(x) |d ^ ||2>(a0ld contradicts the preceeding proposition, completing the proof.
A well known theorem of Anderson and Kadec, see Bessaga and Pelczynski [2] , asserts in part that all separable Banach spaces are homeomorphic. However the next corollary implies the nonexistence of U.C.D. homeomorphisms between certain Banach spaces, separable or not. COROLLARY 3. If E, F [/^smooth . Consider the open balls U r = {x\ \\x\\ < r} in E. The hypothesis on / implies f(dUj), and f(dU 2 ) are disjoint. However from Theorem 5 it is inferred that /(0) e fid L7J Π/(3 U 2 ) since / is an U.C.D. homeomorphism, a contradiction, completing the proof.
The preceeding results on smooth approximations have interesting applications in the context of differential equations on Banach spaces. In the next example the essential part in one such application is indicated. The paper is concluded with the following theorem concerning partitions of unity and superreflexive spaces. The proof of Theorem 6 is completed by using Lemma 6. Once Lemma 6 is available, by using standard techniques of point set topology to establish locally finite partitions of unity, the proof is completed.
The converse of Theorem 6 follows at once from Theorem 4 here.
